There is some literature on the application of linear boundary element method (BEM) for real-time simulation of biological organs. However, literature is scant when it comes to the application of nonlinear BEM, although there is a possibility that the use of nonlinear BEM would result in better simulations. Hence the present paper explores the possibility of using nonlinear BEM for real-time simulation of biological organs. This paper begins with a general discussion about using the nonlinear BEM for real-time simulation of biological organs. Literature on nonlinear BEM is reviewed and the literature that deal with nonlinear formulations and coding are noted down next. In the later sections, some results obtained from nonlinear analyses are compared with the corresponding results from linear analyses.
Introduction
Biological organs are inherently nonlinear. Hence the simulation of biological organs that consider nonlinearity would result in more accurate results. However, whether the simulation would be more realistic after incorporating nonlinearity depends not only on the accuracy of the results obtained but also on how fast the simulations are (whether or not the simulations are real-time, since not just accuracy but the real-time performance also increases realism).
Hence one has to incorporate nonlinearity into the BEM based simulation of biological organs if one wants to answer the questions: "Is it possible to achieve more realistic simulations by incorporating nonlinearity into the BEM based simulation of biological organs? Is it possible to achieve the real-time performance with such models? Is the accuracy offered by such models enough in case the models can only be made of very few elements to achieve the real-time performance? Or, whether one can achieve better realism by using a greater number of nonlinear elements even if it could result in simulations that are not strictly real-time (nearly real-time simulations)?" Clearly, from the results presented in the previous chapters, one can conclude that it is difficult to achieve the real-time performance if nonlinearity is to be incorporated into the simulations. However, it should be possible to achieve the real-time performance if very few nonlinear boundary elements are used. On the contrary, it may be possible to achieve nearly real-time performance (although not strictly real-time performance), even if the total number of boundary elements is kept the same as those in the simulations carried out in the previous chapters. Whether or not such nearly real-time nonlinear simulations are preferred over the simulations which are strictly real-time but do not incorporate any nonlinearity is a question which can only be answered by competent and experienced surgeons, after they use surgery simulators built by using both these technologies (one technology at a time). But the first step towards building a BEM based simulator that can simulate nonlinearity could be to carry out the nonlinear simulation of biological organs using BEM.
It might be important to note that no literature is available on the simulation of biological organs using nonlinear BEM, whether in the context of real-time simulations or otherwise.
Even when solving nonlinear problems, the BEM usually uses the same fundamental solutions as those used for linear simulations. This might lead to lesser accuracy.
Moreover, the BEM formulations that are generally employed to solve nonlinear problems usually require meshing of the interior of the problem domain, not just the boundary of the problem domain. This can make the BEM less attractive (over techniques like FEM) because one of the reasons for choosing the BEM over techniques like FEM is that it requires meshing of only the boundary of the problem domain (at least for linear problems). It may be noted that once the BEM loses this advantage (when solving nonlinear problems), there may not be any advantage in using the BEM over FEM (in terms of speed and accuracy). Of course, still there is a need to carry out the simulation of biological organs by using the BEM and FEM both and find out which of the numerical techniques is better suited for the simulation of biological organs. However, while codes and software packages for nonlinear FEM are readily available, codes and software packages for nonlinear BEM are not readily available. This author is not aware of any nonlinear BEM code that may be useful for the simulation of biological organs (e.g., 3D hyperelasticity). Even the commercial boundary element simulation software BEASY (developed by Prof. Brebbia who is widely considered to be the one who invented the BEM) does not include hyperelasticity. Developing one's own nonlinear BEM codes would require significant amount of time, resources, and expertise. These may be the reasons why no one has used nonlinear BEM for the real-time simulation of biological organs.
Literature on Nonlinear BEM
As regards to the use of the BEM for solving nonlinear problems (2D and 3D), one cannot find as much literature as one would expect to see. In fact, one can find only a few references on this topic. An attempt has been made in the following paragraphs to summarize important references on nonlinear BEM, especially those that are important from the point of view of the simulation of biological organs.
The reference [Wei-Zhe Feng, et al., 2015] presents a new BEM for solving 2D and 3D elastoplastic problems without initial stresses/strains. The reference [Trevor G. Davies and Xiao-Wei Gao, 2006] uses the boundary element method to carry out three-dimensional elasto-plastic analysis. The reference [Katia Bertoldi, et al., 2005] The reference [M. Brun, et al., 2003 ] discusses a boundary element technique for incremental, nonlinear elasticity.
Many a time biological organ may be assumed to be hyperelastic. As far as accuracy of the simulations is concerned (if speed is of no concern), one is expected to get more realistic results by assuming that biological organs are hyperelastic instead of assuming that they follow the linear elastostatic behaviour. Hence, sources from the literature that use the BEM for modelling hyperelasticity are identified in the next paragraph.
The reference [O. Köhler and G. Kuhn, 2001] discusses the application of the Domain-Boundary Element Method (DBEM) for solving hyperelastic and elastoplastic finite deformation problems (axisymmetric and 2D/3D problems). The reference [G. Karami and D. Derakhshan, 2001 ] introduces a field boundary element method for large deformation analysis of hyperelastic problems.
Nonlinear Formulations and Coding
The references [O. Köhler and G. Kuhn, 2001; G. Karami and D. Derakhshan, 2001] quite extensively and clearly describe the BEM formulation for hyperelasticity. These formulations may readily be used for the nonlinear BEM-based simulation of biological organs.
One of the differences between a nonlinear BEM code and a linear BEM code is that while carrying out nonlinear simulations, the characteristic matrix has to be calculated using a nonlinear formulation, e.g., the formulation explained in [O. Köhler and G. Kuhn, 2001; G. Karami and D. Derakhshan, 2001] . The other difference is that the system of algebraic equations to be solved to get the final solution is not linear. Hence a solution method that can solve a system of nonlinear algebraic equations has to be employed at the last stage.
Codes may be parallelized to make them run faster. Hardware that may be utilized include computer cluster, supercomputer, GPU, using Intel Many Integrated Core Architecture (Intel MIC, which is a coprocessor), using a processor with many cores (e.g., Knights Landing, which is a standalone processor). From the reference [Victor W. Lee, et. al, 2010] , it seems that GPUs may or may not be as good as they appear to be. However, a single processor with many cores is likely to be helpful for real-time simulations since the time for data transfer between computing cores for this type of processors is very small because all the cores are present in the same chip (same piece of semiconductor). One may also note that a few researchers are trying to develop processors that would have a few hundred cores each.
Comparison between the Results from Nonlinear Analysis (using ANSYS) and
Linear Analysis (using ANSYS)
In this section, comparison is made between the results obtained by using linear elastostatic analysis and nonlinear analysis. The commercial software package ANSYS is used for the purpose; ANSYS is used for both linear and nonlinear analysis here.
The biological organ simulated in this section and the next section is the left kidney of the Visible Human male [VHP, n.d.] . The geometry of the kidney was obtained by following the procedure mentioned in [Kirana Kumara P, 2012] . The kidney is finally represented by 96 surface triangles.
Human kidneys are subjected to boundary conditions that are so complicated that it is virtually impossible to reproduce the boundary conditions in a computer model.
Hence the kidney is subjected to arbitrary boundary conditions here. The idea is that if a computer model can give accurate solutions for many sets of arbitrary boundary conditions, then it is reasonable to assume that the user can specify whatever set of boundary conditions one wants to impose and the solution obtained for the specified set of boundary conditions would be accurate. The kidney considered in this work is subjected to three different sets of boundary conditions. Hence there are three problems to be solved.
In this work, Problem 1, Problem 2, and Problem 3 refer to cases where the kidney under consideration is simulated. The location where the kidney is fixed (i.e., zero displacement specified in all the x, y, and z directions), and the location where a specified non-zero displacement is specified are shown in Figure 1 . For each of these three problems, element numbers 8, 15, and 24 are subjected to the zero-displacement condition in each of the x, y, and z directions, and the element number 94 is subjected to a non-zero displacement.
Figure 1 Boundary Conditions for the Kidney
For Problem 1, the element 94 is subjected to the non-zero displacement of 5 mm in the x direction. For Problem 2, the element 94 is subjected to the non-zero displacement of 5 mm in the y direction. For Problem 3, the element 94 is subjected to the non-zero displacement of 5 mm in the z direction. The value of 5 mm is chosen for all the problems because this value of displacement corresponds to about 5% deformation along the largest dimension of the biological organ considered, if the load that causes the deformation is applied along the same direction. Of course, specifying 5 mm displacement in other directions can result in deformations that are not close to the 5% deformation. However, one can note that the idea here is to Elements Fixed Here Elements Subjected to Specified Non-zero Displacements Here specify physically meaningful non-zero displacement boundary conditions. This author has not aligned the kidney to match the largest dimension of the kidney to any of the x, y, and z axes. Hence, although the non-zero displacement boundary conditions are specified along only one of x, y, and z axes (at a time) for all of the problems considered, one can note that it is reasonable to assume that the biological organ has been subjected to arbitray boundary conditions.
The material properties used are: Young's modulus = 150 N/mm 2 , Poisson's ratio = 0.4, and only geometric nonlinearity is considered (the material is considered to be linear elastic, but the material can undergo large deformation). Literature says that it is much more important to incorporate geometric nonlinearity when compared to incorporating nonlinear material models, and many a times just incorporating geometric nonlinearity while using just the linear elastic constitutive model results in highly accurate simulations [Adam Wittek, et al., 2009] . Now, a comparison between linear and nonlinear analysis is done for the three simulations involving the kidney. The element type used is Tet 10node 187. The geometry is discretized into 782 nodes in total. The discretized geometry (undeformed geometry), as displayed in ANSYS, is shown in Figure 2 . Figure 3 shows the undeformed and deformed geometry, displayed over the same frame, for Problem 1 and for the linear analysis (rendered mesh refers to the undeformed geometry whereas the wireframe mesh refers to the deformed geometry). Similarly, Figure 4 shows the undeformed and deformed geometry, displayed over the same frame, for Problem 1 and for the nonlinear analysis (rendered mesh refers to the undeformed geometry whereas the wireframe mesh refers to the deformed geometry).
Similarly, Figure 5 shows the undeformed and deformed geometry, for Problem 2 and for the linear analysis (For Figure 5 to Figure 8 , rendered mesh refers to the undeformed geometry whereas the wireframe mesh refers to the deformed geometry). Figure 6 shows the undeformed and deformed geometry, for Problem 2 and for the nonlinear analysis. Figure 7 shows the undeformed and deformed geometry, for Problem 3 and for the linear analysis. Figure 8 shows the undeformed and deformed geometry, for Problem 3 and for the nonlinear analysis. It is easier to compare the difference between the results from linear and nonlinear analyses if the actual values of the displacements are tabulated. Hence, for each of the analyses above, the values of the displacement vector sum at eleven distinct nodes is noted down. These values are tabulated in Table 1 to Table 3 . The eleven nodes are selected such that they are not from a certain part of the geometry only (i.e., nodes are scattered throughout the geometry). The node numbers of the chosen nodes are: 41, 43, 50, 49, 34, 15, 11, 4, 18, 246, 20 . Table 4 to Table 6 . The eleven nodes in the FEM model are the same as those chosen in the last section, i.e., 41, 43, 50, 49, 34, 15, 11, 4, 18, 246, 20 . The eleven nodes in the BEM model are chosen such that they are located approximately at the same location as the corresponding FEM nodes, and the node numbers of the corresponding BEM nodes are: 84, 87, 96, 83, 68, 24, 13, 11, 22, 25, 50 . 
Discussion and Concluding Remarks
From the tables and the figures in the last two sections, one may see that there is not too much difference between the results obtained by linear analysis and nonlinear analysis for many of the cases, especially when ANSYS is used both for linear analysis and nonlinear analysis although the percentage errors might be significant when this author's code is used for the linear analysis. However, it is difficult to definitively say how much error is allowed. Only surgeons can say whether a simulation is useful or not. In fact, validating a numerical model by taking feedback from many surgeons, many surgical procedures, and many trials could itself be a research topic. As of present, there is no clarity on what the allowable error in a simulation is, and the subject is a research topic which has not been explored well.
